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Abstract. We discuss a refinement of triangular factorization for unitary 
matrix- valued functions on S^. 



0. Introduction 

The purpose of this paper is to generahze Theorems 10. 1 1 and 10 .21 below to general 
simply connected compact Lie groups. 

Throughout the paper _ftr is a simply connected compact Lie group, G is the 
complexification, and Lfi„K {LfinG) denotes the group consisting of functions 
K (G, respectively) having finite Fourier series, relative to some matrix 
representation, with pointwise multiplication. For example, for C G C and n G Z, 
the function 



- SU{2) : z a(C) (^_^^^„ ") 



where a(C) - (1 + |CI')"'/', is in Lf,^SU{2). Also, if f{z) = E /n^": then /* = 
J2fnZ-'\ Thus if / G F°(A), then /* G 7?°(A*), where A is the open unit disk, 
and A* is the open unit disk at oo. 

The following two theorems are from [3] . 

Theorem 0.1. Suppose that ki G Lfi„SU{2). The following are equivalent: 
(ai) ki is of the form 



where a and b are polynomials in z, and a(0) > 0. 
(bi) ki has a factorization of the form 



for some rjj G C. 

(ci) ki has triangular factorization of the form 

1 0\ fa, \ fai{z) Piizf 

where ai > and the third factor is a polynomial in z which is unipotent upper 
triangular at z — 0. 

Similarly, the following are equivalent: 

(02 j ^2 is of the form 

'=2(^)=(ct) d{z))' 
1 
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where c and d are polynomials in z, c(0) = 0, and d(jS) > 0. 
(b2 ) k2 has a factorization of the form 

for some G C. 

(C2) k2 has triangular factorization of the form 

A E;=i^.^-A {^2 \ fa2iz) P2iz)\ 

where 02 > and the third factor is a polynomial in z which is unipotent upper 
triangular at z — 0. 

For either C°° loops, or for higher rank groups, there are additional complica- 
tions. For higher rank groups: in (0^) one has to consider multiple fundamental 
representations (for SU{2) there is just the defining representation); in (bi) the fac- 
tors correspond to a choice of a reduced sequence of simple reflections in the affine 
Weyl group of K (for SU{2) there is essentially one possibility); and in (a) the first 
factor is a more general unipotent matrix (for SU{2) the corresponding Lie algebra 
is abelian). 

Theorem 0.2. (a) If {rji} and {^j} are rapidly decreasing sequences of complex 
numbers, then the limits 

ki{z) = lim a(?7„) ( ^"^ ) ..a{ria) ( J 

and 

k2iz) . Jim a(C„) ^"f ") ..a(C.) ^^f , 

exist in C°^{S^, SU{2)). 

(h) Suppose g £ C°°(5'^, SU{2)). The following are equivalent: 

(i) g has a triangular factorization g = Imau, where I and u have C°° boundary 
values. 

(ii) g has a factorization of the form 

g(z) = fci(z)* ( Q ^_^jk2{z), 

where x £ C°°{S^,iM.), and ki and ^2 are as in (a). 

The form of the generalization of (b) to higher rank groups is evident. 

The plan of the paper is the following. In Section [1] we establish notation. In 
Section [2] we define and prove the existence of (affine periodic) reduced sequences 
of Weyl reflections, which are relevant to higher rank generalizations of Theorem 
10.11 In Sections [3] and H] we formulate and prove higher rank generalizations of 
Theorems 10.11 and 10. 21 respectively. In the last section we present some examples. 

In this paper our main focus is on smooth loops. It is of great interest to gen- 
eralize these factorizations to other function spaces, and to understand how decay 
properties of the parameters correspond to regularity properties of the correspond- 
ing loops. However, even in the SU{2) case, this is only partially understood (see 
[3], especially Section 4). 
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1. Notation and Background 

1.1. Finite Dimensional Algebras and Groups, t ~ Lie{K), q — t-' , and 
g ^ : X — > ~x* is the anticomplex involution fixing 6. To simplify the exposition, 
we assume that t is simple. Fix a triangular decomposition 

(1.1) = n"©()®n+ 

such that i — lr\\) is maximal abelian in j; this implies {xy^)* — ■ We introduce 
the following standard notations: {dj : 1 < j < is the set of simple positive 
roots, {hj} is the set of simple coroots, {Aj} is the set of fundamental dominant 
weights, 9 is the highest root, W is the Weyl group, and (■, ■) is the unique invariant 
symmetric bilinear form such that (for the dual form) {6, 9) = 2. For each simple 
root 7, fix a root homomorphism i~f : sl{2,C) q (we denote the corresponding 
group homomorphism by the same symbol), and let 

Tj is a representative for the simple reflection ^ W corresponding to 7 (we 
will adhere to the convention that representatives for Weyl group elements will be 
denoted by bold letters). 
Introduce the lattices 

T = ZAj (weight lattice), and T = Zhi (coroot lattice). 

l<i<r l<i<r 

These lattices and bases are in duality. Recall that the kernel of exp : t ^ T is 27ri 
times the coroot lattice. Consequently there are natural identifications 

T ^ Hom{t,T), 

where a weight A corresponds to the character exp{2TTix) — > exp{2TTiA{x)) , for 
X G ^R, and 

T ^ Hom{T,t), 

where an element h of the coroot lattice corresponds to the homomorphism T — > 
T : exp{2'Kix) — > exp{2T:ixh), for x G M. Also 

R = Zdi (root lattice), and R = ZG); (coweight lattice) 

l<i<r l<i<'r 

where these bases are also in duality. The 8i are the fundamental coweights. 

The affine Weyl group is the semidirect product W (x T. For the action of W 
on I)r, a fundamental domain is the positive Weyl chamber C = {x : di{x) > 0,i — 
1, ..,r}. For the natural affine action 

(1.2) M^cxfx^K^^R 
a fundamental domain is the convex set 

Co — {x e C : 9{x) < 1} (fundamental alcove) 

(see page 72 of [4] for the SU (3) case) . The set of extreme points for the closure of 
Co is {0} U {—Qi}, where 9 — ^a^di (these numbers are compiled in Section 1.1 
of P). 
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Let hg = Y^l-i &i- Then 2h^ G T. For a positive root a, a{h^) = height{a). 
Let N"^ = exp{n^) and A = exp{h^. An element g G N~TAN^ has a unique 
triangular decomposition 

r 

(1.3) g = i{g)d{g)u{g), where d = ma = JJ 0-^ (5 )''■'■, 

and o'i(g) = (t>i(TTj^ (g)vj^ ) is the fundamental matrix coefBcient for the highest 
weight vector corresponding to Aj. 

1.2. AfRne Lie Algebras. Let Lq = C°°{S^,q), viewed as a Lie algebra with 
pointwise bracket. There is a universal central extension 

^ Cc Lfl Lfl ^ 0, 

where as a vector space Lg = Lg® Cc, and in these coordinates 

(1.4) [X + Xc,Y + A'c]^. = [X, Y]ls + ^ ^ dY)c. 

The smooth completion of the untwisted affine Kac-Moody Lie algebra correspond- 
ing to Q is 

Lg = Cd oc Lq (the semidirect sum) , 
where the derivation d acts by d{X + Ac) = j-^X, for X e Lq, and [d, c] = 0. The 
algebra generated by 6-valued loops induces a central extension 

and a real form Lt = iWd oc Lt for Lq. 

We identify q with the constant loops in Lq. Because the extension is trivial 
over Q, there are embeddings of Lie algebras 

Q^ Lq^ Lq. 

There are triangular decompositions 

(1.5) Zg = n" e ^ e n+ and LQ = n~ ® {Cd + f)) n+, 

where [) = f) + Cc and n''^ is the smooth completion of + 0(2;^^C[^;^^]), respec- 
tively. The simple roots for {LfinQ,Cd+ [)) are {aj - < j <r}, where 

ao = d* — 6, aj = aj, j > 0, 

d*{d) = 1, d*(c) = 0, rf*(f)) = 0, and the arc extended to Cd + f) by requiring 
aj{c) = aj{d) = 0. The simple coroots are {hj : < j < rkg}, where 

Hq = c — hg, hj — hj, j > 0. 

For i > 0, the root homomorphism ia^ is ia- followed by the inclusion g C Lg. For 
i = 

(1-6) «ao((^^ Q^)=egZ"\ iao{(^ ^Qj) = fe^' 

where {fg, hg, e^} satisfy the sZ(2, C)-commutation relations, and Cg is a highest 
root for g. The fundamental dominant integral functionals on () are A^-, j = 0, ..,r. 
Also set t = iRc 1 and = f)M = Rc ^r. 
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1.3. Loop Groups and Extensions. Let 11 : LG LG (H : LK LK) de- 
note the universal central C* (T) extension of the smooth loop group LG [LK, 
respectively), as in |4j. Let denote the subgroups corresponding to n^. Since 
the restriction of 11 to is an isomorphism, we will always identify with its 
image, e.g. I E is identified with a smooth loop having a holomorphic extension 
to A satisfying l{0) € iV+. Also set T — exp{t) and A = exp{a). 

As in the finite dimensional case, for g G N~ ■ TA ■ C LG, there is a unique 
triangular decomposition 

r 

(1.7) g = I ■ d ■ u, where d = ma = crj(g)''^ , 

3=0 

and aj — a\- is the fundamental matrix coefficient for the highest weight vector 

corresponding to A^. If Il{g) = g, then because a^" — ctq projects to CTq 
g = I ■ n((i) • u, where 



hi 



(1.8) Uid)ig) . M~g)-^^ f[a,CgP = fl (-^) 

and the are positive integers such that hg = ^ aj hj (these numbers are also 
compiled in Section 1.1 of [T]). 

If g G LK, then \<Tj{g)\ depends only on g = Ii{g)- We will indicate this by 
writing 

(1-9) k,(g)|-|a,|(5). 

This also implies a(g) — a{g). 

For later reference we summarize this discussion in the following way. 

Lemma 1. For g G LK and g — n(g), g has a triangular factorization if and only 
if g has a triangular factorization. The restriction of the projection LK LK to 
elements with m{g) = 1 is injective. 

2. Reduced Sequences in the Affine Weyl Group 

The Weyl group W for (Lg, Cd + f)) acts by isometrics of {Rd + f)R, (•, •)). The 
action of W on Rc is trivial. The affine plane d + t) is Il^-stable, and this action 
identifies W with the affine Weyl group and its affine action (|1.2p (see Chapter 5 
of [1]). In this realization 

(2.1) Tao^rgohg, and ra^^r^,, i > 0. 

Definition. A sequence of simple refiections ri,r2,.. in W is called reduced if 
Wn = '"n^'n-i'-^'i IS a rcduccd expression for each n. 

The following is well-known: 

Lemma 2. Given a reduced sequence of simple reflections {rj}, corresponding to 
simple positive roots jj, 

(a) the positive roots which are mapped to negative roots by Wn are 

Tj = . = n.Tj.i ■ 7j, j = 1, .., n. 

(b) Wk-iTn = rk-.rn-iln > 0, k < n. 



6 



DOUG PICKRELL AND BENJAMIN PITTMAN-POLLETTA 



A reduced sequence of simple reflections determines a non-repeating sequence of 
adjacent alcoves 

(2.2) Co,Wi^Co, ..,w~^iCo = ri..r„_iCo, .., 

where the step from w,7-i^o fo w~^Co is implemented by the reflection r^^ — 
w~^irnWn-i (in particular the wall between C„_i and C„ is fixed by r^^). Con- 
versely, given a sequence of adjacent alcoves (Cj) which is minimal in the sense 
that the minimal number of steps to go from Co to Cj is j, there is a corresponding 
reduced sequence of reflections. 

Definition. A reduced sequence of simple reflections {rj} is afiine periodic if, in 
terms of the identification of W with the affine Weyl group, (1) there exists I such 

that wi ^ T and (2) Wg+i = Wg o wi, for all s. We will refer to wi as the period (l 
is the length of the period). 

Remarks, (a) The second condition is equivalent to periodicity of the associated 
sequence of simple roots {jj}, i.e. 7s+z = 7s. 

(h ) In terms of the associated walk through alcoves, affine periodicity means that 
the walk from step I + 1 onward is the original walk translated by w'j^^ . 

Theorem 2.1. (a) There exists an affine periodic reduced sequence {rj} of simple 
reflections such that, in the notation of Lemma\^ 

(2.3) {Tj : 1 < i < oo} {kd* - d : d > 0, A: = 1, 2, ..}, 

i.e. such that the span of the corresponding root spaces is n~(zC[z]). The period 
can he chosen to he any point in C (IT. 

(b) Given a reduced sequence as in (a), and a reduced expression for — r-^.-fo 
(where wa is the longest element ofW), the sequence 

r-N, ■.,ro,ri, .. 

is another reduced sequence. The corresponding set of positive roots mapped to 
negative roots is 

{kd* + a ■.a>0,k = 0, f,..}, 
i.e. the span of the corresponding root spaces is n+(C[z]). 

Proof. Suppose that we are given a reduced sequence {rj} of simple reflections. In 
terms of the corresponding sequence of adjacent alcoves (|2.2p . (|2.3[) holds if and only 
if the alcoves are all contained in C, and asymptotically the alcoves are inflnitely far 
from the walls of C. In the case of SU{2), there is a unique such reduced sequence; 
in all higher rank cases, there are infinitely many such reduced sequences. 

Now suppose that h G C DT, e.g. h ~ 2h^. To obtain an affine periodic reduced 
sequence with period h, choose a finite reduced sequence of refiections ri,..,rd such 
that ri..riiCo = C'o + h. This is equivalent to doing a minimal walk through alcoves, 
all contained in C, from Cq to its translate by h. Note that the closure of the alcove 
Co + h is contained in C. We then continue the walk through alcoves periodically, 
that is, after the second set of d steps we land at the translate of Co by 2h and so 
on. This periodic walk has the property that we are eventually arbitrarily deep in 
the interior of C, and this property implies (|2.3p . This implies (a). 

Given (a), part (b) is clear. 

□ 
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Remarks, (a) If hg G T, then hg is the point in C HT with shortest Weyl group 
length (and also closest to the origin in the Euclidean sense). IJ this is not the case, 
conjecturally 2hg is the point in C HT with shortest Weyl group length. 

(b) Via the exponential map 2'KiR/2'KiT is isomorphic to C{K). Thus exp{2'Kihg) 

is always central, and hg € T if and only if exp{2'Kihg) = 1. This is the case if and 
only if Q is of type Ai , I even, G2, F4, Eg or Eg . 

(c) Given a point h G T, the Weyl group length is the number of hyperplanes 
associated to Weyl group reflections crossed by the straight line from the origin to 
h. When kg G T , its length is X](i>o height{a) . 

3. Generalizations of Theorem 10.11 

Throughout this section we assume that we have chosen a reduced sequence 
as in Theorem 12. 1[ and a reduced expression wq = r_pf..rQ (In Theorem 13.11 below, 
it is not necessary to assume that the sequence is afhne periodic. We wiU use affine 
periodicity in Theorem 13. 2[ and it seems plausible that this use is essential). We 
set 

«r„ = w„_ii-y„w,7l;^, n = 1, 2, .. 

and for 71 > 

Also for C e C, let a(C) = (1 + |CP)"^^^ and 

(3.1, «o^*,(j -/>(j (J 

Theorem 3.1. Suppose that ki G LfmK and n(fci) = ki. The following are 
equivalent: 

(01) m{ki) — 1; and for each complex irreducible representation V{tt) for G, 
with lowest weight vector (f> G V{Tr), Tr{ki)~^((j>) is a polynomial in z (with values 
in V), and is a positive multiple of v at z — 0. 

(hi ) ki has a factorization of the form 

ki = ir'^[k[rin))..ir'_^{k(q^N)) e Lf^^K 

for some rjj G C. 

(ci) ki has triangular factorization of the form ki — liOiUi where h G N^{C[z^^]). 
Moreover, in the notation of (bi). 

Similarly, the following are equivalent: 

(02) m{k2) — 1, and for each complex irreducible representation V^k) for G, 
with highest weight vector v G V(k), Tr{k2)^^{v) is a polynomial in z (with values 
in V), and is a positive multiple of v at z — 0. 

(b2 ) k2 has a factorization of the form 

h = «r„(fc(Cn))--iri(fc(Cl)) 

for some Qj G C. 

(C2) has triangular factorization oftheformk2 — ^2021*2, wherel2 G N'^{z^^'C[z 
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Also, in the notation of (b2), 

(3.2) a,=Y[a{Qf-^. 

Proof. The two sets of equivalences are proven in the same way. We consider the 
second set. 

The subalgebra n w,^j':jn+w„_i is spanned by the root spaces corresponding 
to negative roots — r,, j — l,..,rt. Given this, the equivalence of (62) and (02) 
follows from (b) of Proposition 3 of [2]. We recall the argument, because we will 
need to refine it (This refinement is carried out in the Appendix, since it is rather 
technical and not relevant for present purposes). In the process we will also recall 
the proof of the product formula for 02 . 

The equation p.ip implies that 

v,(fc(0)) = s(Q J)wO)'"-r,((J ~f^)) 

is a triangular factorization. 

Let — v„ (fc(C„))..iT-j (fc(Ci)). First suppose that n = 2. Then 

(3.3) = ea;p(C2/r2)a(C2)'*"2riea;p(-C2e^Jr-iexp(Ci/^Ja(Ci)''^iea;p(-Cie-yJ 
The key point is that 

riea;p(-C2e^Jr];^ea:p(Ci/7i) = riexp{-C2e-,2)exp{(:;ie^^)r^^ 

= riexp{(^iey-^)ur^^ , (for some it G iV+ n riN'^r^^) 

— exp{(if~^^)u, (for some ueN^). 

Insert this calculation into (|3.3p . We then see that fc^^-* has a triangular factoriza- 
tion, where 

a(fc(2))=a(Ci)'*-ia(C2)''-^ 

and 

(3.4) Z(fc(2)) = ea;p(C2/rJea;p(Cia(C2)-"^("-)/rJ 

= exp(C2/r.+Clfl(C2)-"^'"-VrJ 

(the last equality holds because a two dimensional nilpotent algebra is necessarily 
commutative) . 

To apply induction, we assume that fc*-""^^ has a triangular factorization with 

n-l 

(3.5) lik^"-^^) = exp{Cn-ifr„_,)l e N- nw-^,N+Wn-i = exp{J2Cfr,), 
for some I E n w^^2^^^n-2 = £^PiJ2]=i ^/rj )i and 

n-l 

a(A:("-i))=n«(0^^-- 

We have established this for rt — 1 = 1, 2. For n > 2 

=exp(Cn/rJa(Cn)''-w-iiexp(-Cne^Jw„-iexp(Cn-i/.„_jfa(fc("-i))u(fc("-i)) 



= exp(Cn/rJa(Cn)''^"w;\ea;p(-Cne^J«w„_ia(A:("-i))?/(A:("-i)), 
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where M = w„_iea;p(Cn-i/r„_i)^w„l^ ewn-iN w„ljniV+. Nowwiite exp{—(nej„)u = 
U1U2, relative to the decomposition 

N+ - {N+ n Wn-iN~w-l^) {N+ n Wn-lN+W-^^) . 

Let 

1 = a(Cn)''""W-liUiw„_ia(C„)"''"" e N- Dyv-^^N+yVn-i- 
Then /c*-"' has triangular decomposition 

This implies the induction step. Because of the form of p.5p . it is clear that ^1, .., 
are global coordinates for nw,7^iV+w„. This establishes the equivalence of (62) 
and (C2). The induction statement also implies the product formula (j3.2p for 02. 

It is obvious that (02) implies (02). In fact (C2) implies a stronger condition. If 
(C2) holds, then given a highest weight vector ti as in (02), corresponding to highest 
weight A, then 

(3.6) Tr{k2^)v = Tr{u2^a2^l-^)v = a2^Tr{u2^)v, 

implying that TT{k2^)v is holomorphic in A and nonvanishing at all points. However 
we do not need to include this nonvanishing condition in (a2), in this finite case. 

It remains to prove that (a2) implies (C2). Because fc2 is determined by k2, as in 
Lemma [1] it suffices to show that fc2 has a triangular factorization (with trivial T 
component). Hence we will slightly abuse notation and work at the level of loops 
in the remainder of this proof. 

To motivate the argument, suppose that k2 has triangular factorization as in 
(02). Because 1*2(0) G iV+, there exists a pointwise G-triangular factorization (see 

m) 

(3.7) U2{zy^ = i{u2iz)-^)d{u2(zy^)u{u2{z)-^) 

which is certainly valid in a neighborhood of z = 0; more precisely, (j3.7[) exists at 
a point z G C if and only if 

&iiu2{zy^) ^ 0, i=l,..,r. 

When p.yp exists (and using the fact that k2 is defined in C*), 

k2{z) = {I2{z)a2u{u2{z)-Y'a2^) (a2d{u2{z)-Y^) i{u2{z)-^r\ 
This implies 

(3.8) k2{z)-^ - i{u2(z)-^) {d{u2(z)-')a-^^ {a2u{u2{z)-^)a2'l2(z)-^) ■ 

This is a pointwise G-triangular factorization of A:^^, which is certainly valid in a 
punctured neighborhood of z = 0. The important facts are that (1) the first factor 
in dSH) 

(3.9) iik-') = iiu2{z)-^) 

does not have a pole at z = 0; (2) for the third (upper triangular) factor in (|3.8p . 
the factorization 

(3.10) uik^Y^ = hiz) {a2u{u2iz)-^)a2^) 

is a LG-triangular factorization of m(A;^^)~^ G LN^ , where we view u{k2^)~^ as 
a loop by restricting to a small circle surrounding z = 0; and (3) because there 
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is an a priori formula for 02 in terms of k2 (see (jl.Sp . we can recover I2 and (the 
pointwise triangular factorization for) u^^ from (|3.8p - (|3.10p : I2 = l{u{k2^)^^) (by 



(jXTU)) ). and 

(3.11) i{u2{zr') = i{k2(z)-'), d{u2(z)-') = d{k2{z)-')a2, 

and u{u2{z)^^) — a2^u{u{k2{z)^^))a2. 
We remark that this uses the fact that k2 is defined in C* in an essential way. 

Now suppose that (02) holds. In particular (02) implies that ^^(fc^^) has a 
removable singularity at z = and is positive at z = 0, for i =^ l,..,r. Thus fc^^ 
has a pointwise G-triangular factorization as in (|3.8p . for all z in some punctured 
neighborhood of z = 0. 

We claim that (13. 9|) does not have at pole at z = 0. To see this, recall that for 
an n X n matrix g — (gij) having an LDU factorization, the entries of the factors 
can be written explicitly as ratios of determinants: 

d{g) = diag{(7i,(T2/(7i,(Tz/(72, .., (t„/(t„_i) 

where Ck is the determinant of the fc*'' principal submatrix, (Jk = det{{gij)i<:ij<k)', 
for i > j, 



(3.12) kj = det 



and for i < j, 



( 911 

921 



9j-i,i 
\ 9iA 



912 



9ij \ 



det 



( 9n 



\9t.- 



9j-i,j 
9ij 

912 



1^3 = 



(gei A .. Aej,ei A .. h(.j-i A e,) 
(gei A .. Aej,ei A .. A e^) 



51. i 



9\A 

9^d} 



Apply this to 5 = fcj^^ in a highest weight representation. Then (|3.12p . together 
with (02), implies the claim. 

The factorization (|3.10p is unobstructed. Thus it exists. We can now read the 
calculation backwards, as in (j3.1ip . and obtain a triangular factorization for k2 as 
in (C2) (initially for the restriction to a small circle about 0; but because ^2 is of 
finite type, this is valid also for the standard circle). This completes the proof. 

□ 

In the C°° analogue of Theorem l3.1i it is necessary to add further hypotheses in 
(fli); see p.6|) . To reiterate, we are now assuming that the sequence {rj} is affine 
periodic. 

Theorem 3.2. Suppose that ki G LK and n(fci) = fci. The following are equiva- 
lent: 

(ai) m{ki) = 1; and for each complex irreducible representation V{'k) for G, 
with lowest weight vector (j) € V{t:), T:{ki)~^{(j)) has holomorphic extension to A, is 
nonzero at all z g A, and is a positive multiple of v at z = 0. 

(bi ) ki has a factorization of the form 

fcl = lim ir'{k{rin))..ir'_ {k{r]^N)), 
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for a rapidly decreasing sequence (rjj). 

(ci) ki has triangular factorization of the form ki — liaiui where h G H'^{A* , N^) 
has smooth boundary values. 

Moreover, in the notation of (hi), 

ai = Wa{rij)^^'' . 
Similarly, the following are equivalent: for k2 G LK, 

(02) rn{k2) = 1; and for each complex irreducible representation V{t:) for G, with 
highest weight vector v G V{t:), 7r(fc2)^^(w) G H''\lS.]V) has holomorphic extension 
to A, is nonzero at all z G A, and is a positive multiple of v at z = 0. 

(b2 ) k2 has a factorization of the form 

fc2 = lim V„(fc(Cn))--«ri(^(Cl)) 

n — >oo 

for some rapidly decreasing sequence (C/)- 

(C2) k2 has triangular factorization of the form k2 — 120,2^2, where I2 G H^{A* , 00; , 1) 
has smooth boundary values. 

Also, in the notation of (b2), 

(3.13) a2=n«(0)'^^- 

Proof. The two sets of equivalences are proven in the same way. We consider the 
second set. 

Suppose that (02) holds. To show that (C2) holds, it suffices to prove that k2 
has a triangular factorization with I2 of the prescribed form. By working in a 
fixed faithful highest weight representation for g, without loss of generality, we can 
suppose K ~ SU{n). For the purposes of this proof, we will use the terminology 
in Section 1 of [3]. We view k2 G LSU{n) as a unitary multiplication operator on 
the Hilbert space TL — L^{S^; C"), and we write 

_ fA{k2) Bik2)\ 
[C{k2) D(k2)J 

relative to the Hardy polarization H = TC^ H^, where A{k2) is the compression 
of to Ti"*", the subspace of functions in TL with holomorphic extension to A. To 
show that k2 has a Birkhoff factorization, we must show that A{k2) is invertible (see 
Theorem 1.1 of [3]). An elementary argument then shows that /c2 has a triangular 
factorization of the desired form. 

Let Ci,..,C„ denote the columns of k2^ ■ In particular (02) implies that Ci 
has holomorphic extension to A and C„ has holomorphic extension to A* (by 
considering the dual representation). Now suppose that / G TL^ is in the kernel of 
A(k2). Then 

(3.14) (q/)+ = 0, j = l,..,n, 

where {■)+ denotes orthogonal projection to 7i+, and C* is the (pointwise) Her- 
mitian transpose. Since C* has holomorphic extension to A, {C*f)+ = C*f is 
identically zero on S^. This implies that for z G S'^, /(z) is a linear combination of 
the n — I columns Cj(z), j < n. We write 

/ = AiCi + .. + Xn-iC'n-i 
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where the coefficients are functions on the circle (defined a.e.). Now consider the 
pointwise wedge product of C" vectors 

/ A Ci A .. A C„-2 = ±K-iCi A .. A C„-i. 

The vectors Ci A .. A Cj extend holomorphically to A, and never vanish, for any j, 
by (02) (by considering the representation A^(C")). Since / also extends holomor- 
phically, this implies that A„_i has holomorphic extension to A. Now 

n-lT ~ ^n-l'-'n-i'-'ri-l — -^n-l 

by pointwise orthonormality of the columns. Since the right hand side is holomor- 
phic in A, by (|3.14p (for j ~ n — 1) A„_i vanishes identically. This implies that in 
fact / is a (pointwise) linear combination of the first n ^ 2 columns of k2 ■ Con- 
tinuing the argument in the obvious way (by next wedging / with Ci A .. A C„_3 
to conclude that A„_2 must vanish), we conclude that / is zero. This implies that 
ker{A{k2)) = 0. Since K is simply connected, A{k2) has index zero. Hence A{k2) 
is invertible. This implies (02). 

It is obvious that (02) =4> (02); see p. 61) . Thus (02) and (02) are equivalent. 

Before showing that (62) is equivalent to (02) and (02), we need to explain why 
the C°° hmit in (62) exists. Because k{Cj) = I + 0(|Cil) ^ Cj 0; the condition 
for the product in (62) to converge absolutely is that ^ Cn converges absolutely. So 
k2 certainly represents a continuous loop. Let 

^^'^(Ci,..,0)=V,(fc(0))-«r,(A:(Ci)), 

where I is the length of the period for our affine periodic sequence of simple reflec- 
tions. Because t;+i = w'j^^ ■ ri, T/+2 = w^^T2, and in general Tni+j = wf"" ■ tj, the 
limit in (62) can be written as 

(3.15) fc2= lim U^%'\Zn)^]'.:ki'\Zo)) , 

where Z„ = {Cni+i, Cni+i)- Now suppose that we fix a matrix representation 
for K. The unitary loop fcj''', for any argument, has a fixed order, i.e. number 
of Fourier coefficients. Also w/ e Hom{S^ ,T) is fixed. This implies the order 
of Wj""fc2'''(Z„)w" is asymtotically n. Thus when one differentiates this term, 
coefficients on the order of n will appear. This implies that if C behaves like 
then /c2 will have roughly p derivatives. In particular if C G the Frechet space 
of rapidly decreasing sequences, then k2 G C°°. 

Now suppose that (62) holds. The map from C to k2 is continuous, with respect 
to the standard Frechet topologies for rapidly decreasing sequences and smooth 
functions. The product (j3.13p is also a continuous function of and hence is 
nonzero. This implies that k2 has a triangular factorization which is the limit of 
triangular factorizations of the terms on the right hand side of (|3.15p . By Theorem 
13.11 and continuity, this factorization will have the special form in (02). Thus (62) 
(02) and (C2). 

Suppose that we are given ^2 as in (02) and (C2). Recall that I2 has values in 
N^. We can take the logarithm, and this will have an expansion 



(3.16) 
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(the use of x* for the coefficients is consistent with our notation in the SU{2) 
case, see (02) of Theorem 10. ip . In the notation of the proof of Theorem 13. H the 
corresponding truncated sum 

N 

By Theorem 13 . 1 1 there is a corresponding fej^-* 6 Lfi^K and a uniquely determined 
sequence (Ci^\ ■•, C^"*) such that ^2^'' is represented as in (62) and ^2 is a C°° hmit 
of loops fcj^-*. Since the k'^^ converge to ^2, the corresponding products p.l3p will 
converge. In particular a^" = + |Cj '^iU converge. Since Ao(/irj) is 
asymptotically j, this implies that the sequence C*^^^ is uniformly bounded in tu^/^. 
Consequently this sequence of sequences will have a convergent subsequence C, E P . 
Thus we can assume that 

fcf)=*.„(fc(CAr))..V,(fc(Cl)). 

We can now reverse the reasoning of the previous paragraph. Because the product 
converges in C°°, the product of the VnC^CCa')) converges absolutely, implying 
^ Cn is absolutely summablc. 

Finally p.l3p follows by continuity from p.2p . 

□ 

4. Generalization of Theorem 10.21 

Theorem 4.1. Suppose g G LK and ll{g) ~ g. 
(a) The following are equivalent: 

(i) g has a triangular factorization g — Imau, where I and u have C°° boundary 
values. 

(ii) g has a factorization of the form 

g = klexp{x)k2, 

where x G Li, and ki and k2 are as in Theorem \S.'A 
(h) In reference to part (a), 

(4.1) a{g) - a{g) = a{ki)a{exp{x))a{k2), n(a(g)) = n(a(fci))n(a(fc2)) 
and 

r 

(4.2) a{exp{x)) = \oo\{exp{x)f'' [] ko|(exp(x))"^"^-. 

Proof. It suffices to prove (a) with g in place of g, ki in place of fci, and so on. 
This will require that we use the clumsy (but correct) notation ki = lill{ai)ui for 
the triangular decomposition of h . We can also assume that x G Lt. 

Suppose that we are given g as in (ii). Both fci and k2 have triangular factoriza- 
tions. In the notation of Theorem 13. 21 

g = {Iill{ai)ui)*exp{x){l2'n{a2)u2) = ulll{ai){llexp{x,)l2)'n{a2)u2. 

The simple observation is that b = llexp{x)l2 G C°°{S-^,B^)q (the identity com- 
ponent), and hence will have a triangular factorization. More precisely, if we write 
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X - X- + Xo + X+, where x- e i?°(A*, oo; ^, 0), xo £ t, and x+ e i/0(A, 0; f), 0), 
then 

b = exp{x-) {exp{-X-)liexp(X-)exp{xo)exp{x+)l2exp{~x+)) exp{x+) 
will have triangular factorization 

= {exp{x-)L) (m(6)a(6)) (J7ea;p(x+)) , 
where m{b) = e.xj5(xo), &(&) = 1, 

L = Z(ea;p(-X-)^5;ea;p(x-)ea;p(xo)ea;p(x+)^2ea;p(-x+)) e i?"(A*, cx); 7V+, 1), 
and 

[/ = u{exp{-X-)liexp{x-)exp{xo)exp(x+)hexp{-x+)) e i?°(A; 7V+). 
Thus g will have a triangular factorization with 

(4.3) l{g) = ulexpix-Ma,)LIlia,)-\ n(m(.g)) = ea;p(xo), 

n(a(.g)) = n(ai)n(a2), ^(s) = n(a2)~'C/n(a2)ea;p(x+)u2. 
Thus (ii) =^ (i). 

Conversely, suppose g = lll{ma)u, as in (i). At each point of the circle there are 
N^AK decompositions 

= h^^ai^ki, u = 712(12^^2 ■ 
In turn there are Birkhoff decompositions 

= exp{x* + Xifi + Xi), X% e ^^"(A, A), Xtfi S /iK 

Define 

fci = ea;p(-x^ + xO^i, and = ea:p(-X2 + X2)fc2 

Then 

fci = ea;p(xi,o + 2xi)nr*^* 
has triangular factorization with 

Z(fci) = /(ea;p(xi.o+2xi)nr*ea;p(-(xi.o+2xi))) e i?°(A*, oo; TV", 1), n(a(/ci)) = ea;p(xi,o), 
and similarly 

fc2 = ea;p(-2x2 - X2,o)"2"^u 
has triangular factorization with 

l(k2) = Z(exp(-2x;-X2,o)n2~'exp(2x^+X2.o)) e i?°(A*, oo; iV+, 1), n(a(fc2)) = exp(x2,o) 

Finally, and somewhat miraculously, on the one hand kigk^^ has value in K, 
and on the other hand 

(4.4) ^15^2^^ = exp{xi.o + 2xl)nimah2exp(x2,Q + 2x2), 

has values in 5+. Therefore kigk2^ has values in T. It is also clear that (|4.4p is 
connected to the identity, and hence kigk2^ G {LT)o. Thus (i) =^ (ii). 
Part (b) follows from (g^]) and pT^ . 

□ 
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5. Examples 

In the case oi K ^ SU{n), the fundamental matrix coefhcient can be reahzed 
as the determinant of the Toephtz operator A{g) associated to a loop g G LSU{n), 
where the determinant is viewed as a section of a line bundle; see p. 226 of [4]. 
Part (b) of Theorem 14.11 implies that 

\aofig)^det{A{grAig)) 

OO OC 

= 11(1 + i^^f)"^°^'"^-^^^^'(-"Efc|^^H 11(1 + 

j=l i=l 

If Tj = k{j)d* ~ a (as in Theorem [2J|) . then Ao(/irj) = k{j)- 

5.1. SU(2). In this case there is a unique reduced sequence of simple reflections, as 
in Thcorcm l2.11 corresponding to the periodic sequence of simple roots ao, ai, aoj Q^i; •■ 
with period length / = 2 and period 

■^2 = y-Qir-Qo =hg = 2hg. 

The corresponding sequence of positive roots Tj mapped to negative roots is 

d* ~ 0,2(1* -e, 3d* ~0,.. 

In this case 

lim N- n u;~iiV+u;„ = {(I ^* ) : a; = V x.z^} 

n—^oc \ (J 1 / ^ — ^ 

\ ^ j>0 

is abelian. For g G LSU{2) as in Theorem 14. 11 

KP(5)-rfet(A(5)M(g))=ll(l + l^^-l')"'^^P(-2E^I^'»l')n(l + IC^l')"' 
(see (c) of Theorem 7 of [2]). 

5.2. SU(3). In this case hg is in the coroot lattice. For this choice of period, there 
are two possible affine periodic reduced sequences, as in Theorem l2.1l fthis is obvious 
from the picture on page 72 of [4J). One choice corresponds to the periodic sequence 
of simple roots ao, ai, Q!2, ai, .-, with period length I — 4 (the other interchanges 1 
and 2). The sequence of positive roots mapped to negative roots is 

d* -9,d* - d2,2d* -9,d* - di, 3d* - 6, 2d* - da, M* - e,2d* - d^, .. 

For g G LSU{3) as in Theorem Ol 

det\A{g)f = 11(1 + )-^-Wea:p(-3^fc|xfcr)n(l + 101')"'^^' 
where k{i) is the sequence 1, 1, 2, 1, 3, 2, 4, 2, 5, 3, 6, 3, ... 



5.3. SU(n). This will appear in the second author's dissertation. 
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6. Appendix. The Relation between x* and ( 
In this Appendix we consider the correspondence 

where I2 — exp{J2 ^jfrj), as in the proof of Thcorem l4.1l (see (|3.16p ). In the SU (2) 
case it is known that 

00 

This triangular relation between ^ and x* in principle (and in practice on a com- 
puter) leads to a combinatorial way of computing an expansion of Q in terms of 
xl, j < k] see the Appendix of [3]. 

Proposition 1. In general 

\fc=j+i / 

and 

'^iil+s — s{Cnl+s 7 Cnl+s+1 7 ■■) 

Proof. We need to refine (|3.5p and the subsequent argument. In place of p.Sp we 
assume that has a triangular factorization with 

n-l 

(6.1) ;(fc("-i)) = expiY, ^;'""'Vr,) e iv- n w-^,N+Wn.u 

where a;*^_^]^ = Cn-i and 

n-l 

(6.2) n a(a.)-^^^''^^-^ + <"'^(o+i,w,..) 

fe=j+i 

We have established this for n — 1 = 2; see p.4p . Mimicking the calculations 
following p.Sp . we find 

n-l 

= ea;p(C„/r„)a(C„)''- w-liexp(-C„e^Jea;p(^ x;'"-i)e_„„_,,Jw„_ia(fc("-i))u(fe("-i)) 

i=i 

(6.3) 

= ea;p(C„/r„)a(Cn)''""w^l;^ea;p(^ x*'"^^''exp(-ad(C„e^„))(e_^„_i7-j))ea;p(-C„e^^)w„_ia(fc'^""^))u(/c'^""^^) 

j=i 

(Note that —Wn-iTj is a positive root, 1 < j < n) 
Lemma 3. for p > anrf j < k < n, 

Pin - W71-I ■ Tj ^ • Tfc. 
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Proof. Suppose otherwise, and apply w.jj]_i to both sides. Then pT„ — tj — —Tk or 
Tj = Tk + pTn . This imphes 

7j = rj..rk-ijk +prj..,r„_i7„. 

This is a contradiction, because the term on the left is simple, and the terms on 
the right hand side are positive by (b) of Proposition [2l □ 

We apply this to (|6.3|) to obtain 
(6.4) 

n 

where X**^""* has the form 

(6.5) x;("-^) = o n a(a)-^^^'^^-^ + <-'^(o+i,o+2,..) 

k=]+i 

and y G n+ n Wn~in^w^^i Now we need to write 

n n 

(6.6) ea;p(^X*^"'e_„,„_^^^ + ^) = exp{^xf'^\_^^_^r,)exp(y), 

3=1 j=i 
relative to the decomposition 

N+ = {N+ n w;„„iiV-<li) {N+ n u;„_iiV+u;-^i) . 

Because in general the second group is not normal, it is probably not true in general 
that X* = X*. So it is not presently clear that x*'"' has the form (|6.5p . and we 
need to look more carefully at (|6.6p . 

Lemma 4. For p>0, j<k<n and < L < n, if the pjn — Wu-iTl foot space 
belongs to n+ fl u),i-in+u),7_i, then 

(6.7) P7„ - Wn-lTL - Wn-lTj ^ -Wn-lTk- 

Proof. The assumption concerning p7„—w„_iri is equivalent to pT„ > t^. Suppose 
(|6.7p is false. Applying both sides, we obtain pT„ — tl — = —t^, or 

Wj-i{pTn — tl) + Wj-iTk — Wj-iTj = jj . The right hand side is simple. The first 
term on the left hand side must be positive. Otherwise pT„ — = r^, for some 
r = 1, .., J — 1. But then pT„ = + t^, which is impossible. The second term is 
positive by (b) of Lemma [2]). We thus obtain a contradiction. □ 

Let 1X2 denote the subalgebra of n''" n w„_in+w,7-i generated by the roots p-fn — 
Wn-iTL as in the proceeding Lemma. The Lemma implies that 

(6.8) n+ n Wkn^w^^ + "2 = ^ Ce_^„_j^^ + 1x2 

j<k 

is a subalgebra. 

We rewrite (|6.6p as 

n n 

expi^xf'^^e^w^-irj) = exp(^X*^"-'e_„„_ir,- + Y)exp{~y) 
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where Y,y £ 1x2- ()6.8|) implies x*f} is a combination of X* , j < k, Y, and y. 

Since the X**-"-* have the form (|6.5p . the same is true of i^^""*- 

Inserting this into (|6.3p leads directly to (|6.ip with n in place of n — 1. This 
completes the proof of the first statement in the Proposition. The second statement 
follows from affine periodicity (see (|3.15p ). □ 
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